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Two-subband quantum Hall effect in parabolic quantum wells
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The low-temperature magnetoresistance of parabolic quantum wells displays pronounced minima
between integer filling factors. Concomitantly the Hall effect exhibits overshoots and plateau-like
features next to well-defined ordinary quantum Hall plateaus. These effects set in with the occupa-
tion of the second subband. We discuss our observations in the context of single-particle Landau fan
charts of a two-subband system empirically extended by a density dependent subband separation
and an enhanced spin-splitting g⋆.
PACS numbers:
At low temperatures a two-dimensional electron gas
subject to a perpendicular magnetic field gives rise to
the integer quantum Hall effect [1]. The Hall effect takes
on quantized values ρxy = h/e
2ν around magnetic fields
B = Nsh/eν, with the integer filling factor ν counting
the number of occupied Landau levels and Ns being the
carrier density. In these plateau regions of ρxy the magne-
toresistance ρxx is exponentially suppressed. Each Lan-
dau level is described by a Landau level quantum number
n = 0, 1, 2, . . ., a spin quantum number s = ±1/2 and a
subband or well index i if several subbands in a quantum
well are occupied or a double well system is investigated.
Zhang et al. [2] have reported measurements on a
quantum well system where the occupation of a second
subband leads to additional maxima and minima in ρxx
between integer filling factors, accompanied by over- and
undershoots of ρxy. Here we report similar results ob-
tained on parabolic quantum wells in which the subband
occupation can be controlled by front and back gate volt-
ages. We find that the observed phenomena can be qual-
itatively accounted for using an effective single-particle
model where interaction effects beyond the mean field
Hartree and exchange interactions are neglected. Previ-
ous experiments on double wells showed additional min-
ima as well as hysteretic behavior (see Ref. [3] for a re-
view) which was attributed to more subtle interaction
effects [4, 5].
Our samples are 100 nm wide parabolic AlxGa1−xAs
quantum wells with the Al-content varying from x = 0.4
at the edges to x = 0 in the center of the parabola.
Hall bars with Ohmic contacts were fabricated. A Schot-
tky front gate and a back gate [10] allows to tune the
electron sheet density Ns and with it the number of
occupied subbands. At a temperature of 100 mK and
zero gate voltages the electron mobility is 16 m2/Vs and
Ns = 3.3× 10
15 m−2. While we have investigated many
similar samples in the past [6, 7, 8, 9, 10] only one (Figs.
8 and 9 of Ref. 7) showed features which might be pre-
cursors of the pronounced structures presented here. The
only difference of the present compared to previous sam-
ples is the slightly higher mobility (10-20%). Data was
FIG. 1: Magnetoresistance ρxx (left hand scale, lower curve)
and Hall resistance ρxy (right hand scale, upper curve) mea-
sured at T=100 mK. The horizontal lines indicate the position
of the theoretically expected Hall plateaus. The inset in the
upper left corner shows the same data but expanded in the
regime of interest.
taken by two different experimentalists over a period of
two years on 3 different samples from the same wafer with
Hall bars of different size. All results are comparable and
highly reproducible. In the following we show coherent
data from one sample.
Figure 1 shows typical experimental ρxx and ρxy traces
when the second subband is populated. At magnetic
fields B < 1 T Shubnikov-de Haas (SdH) oscillations
are observed. The fast oscillation period is related to
the lower subband density N
(1)
s = 3.69 × 1015 m−2 and
the slow amplitude modulation to the upper subband
density N
(2)
s = 1.48 × 1014 m−2. At B > 4 T stan-
dard SdH oscillations as well as quantum Hall (QH)
plateaus occur corresponding to the total carrier density
N tots = N
(1)
s + N
(2)
s = 3.84 × 1015 m−2. The unusual
behavior at 2 T < B < 4 T is enlarged in the inset of
Fig. 1. An additional minimum occurs in ρxx between
filling factors ν = 4 and 5, accompanied by an oscillatory
2FIG. 2: Magnetoresistance ρxx (left) and Hall resistance ρxy
(right) at T=100 mK as a function of the inverse filling factor
1/ν = eB/hN tots . Curves for different carrier densities N
tot
s
are vertically offset for clarity. The carrier density N tots was
tuned between 3.4× 1015 m−2 and 4.85× 1015 m−2 (left) and
between 3.77× 1015 m−2 and 4.85× 1015 m−2 (right).
feature in ρxy (arrow in the inset). These unexpected ex-
perimental observations are the focus of this paper and
will be presented in more detail in the following.
Figure 2 shows the magnetoresistance (left) and Hall
resistance (right) for a data set where the carrier density
N tots as determined from the classical low-field Hall effect
was tuned using the front gate. By plotting the data as a
function of 1/ν features related to the same filling factor
line up vertically. The magnetoresistance maximum be-
tween ν = 4 and 5 splits as a function of increasing Ns,
crosses the ν = 5 and 6 valleys and joins the maximum
between ν = 6 and 7. Similarly the maximum between
ν = 5 and 6 moves into the maximum between ν = 7
and 8. Weaker features with qualitatively similar behav-
ior are observed for the lower two sets of inverse filling
factors. As one follows, e.g., the ν = 5 minimum, for
low carrier densities (curves on the bottom of the figure)
a single minimum is observed. As the carrier density is
increased a double minimum feature (i.e., an additional
maximum) occurs which then returns to a single mini-
mum feature once the crossing regime is passed.
The Hall effect ρxy shown on the right of Fig. 2 shows
an oscillatory feature between two quantum Hall plateaus
if ρxx shows an additional maximum. In general the
derivative dρxy/dB always behaves very similar to ρxx.
Therefore we will restrict our discussion in the following
to the behavior of ρxx.
In order to define the parameter space more precisely
we present low-field ρxx data in a grey scale plot in
Fig. 3 as a function of filling factor. The vertical axes
corresponds to the electron density NHalls as determined
from the classical Hall effect at magnetic fields below
0.5 T, tuned with a front gate voltage. For densities
below NHalls < N
thresh
s ≈ 3.5 × 10
15 m−2 the ρxx-
minima corresponding to bright lines in the grey scale
plot run vertically. This corresponds to the situation
where one subband is occupied and the density N
(1)
s ob-
tained from SdH oscillations agrees with the Hall density
NHalls within measurement accuracy. At the threshold
FIG. 3: Greyscale image of the magnetoresistance ρxx versus
filling factor calculated from the density extracted from the
low-field Hall resistance and the applied magnetic field. The
horizontal dash-dotted line marks the population onset of the
second subband. The vertical dashed line follows the behav-
ior of filling factor ν = 24. This dashed line is converted to
a density and plotted in the top inset versus the Hall den-
sity. The lower inset shows the derivative dN
(1)
s /dN
Hall
s of
the data in the upper inset highlighting the threshold density
and revealing additional oscillations in N
(1)
s .
density of N threshs ≈ 3.5× 10
15 m−2 the second subband
becomes populated and therefore the total density mea-
sured via the Hall effect increases more strongly than
N
(1)
s (see upper inset). This manifests itself by a sud-
den bending of the bright lines indicated, e.g., by the
dashed line following filling factor ν1 = 24 for the lower
subband. This way the carrier densities of both sub-
bands N
(1)
s and N
(2)
s = N tots −N
(1)
s = NHalls −N
(1)
s can
be determined [7, 8]. The solid line in the upper inset
of Fig. 3 shows the relation N tots = N
Hall
s . The dashed
line in the main figure related to ν1 = 24 is plotted by
circles and basically follows the solid line until the sec-
ond subband becomes populated for N tots ≤ N
thresh
s . For
low enough magnetic fields, where the cyclotron energy
h¯ωc is much smaller than the Fermi energy EF , mag-
netic field induced redistribution of charges between the
two subbands is small [7]. Only weak oscillations can be
detected in dN
(1)
s /dNHalls (lower inset of Fig. 3) which
become more pronounced for higher magnetic fields. We
also note that NHalls as a function of front gate voltage
increases its slope at N threshs due to the increased density
of states at the Fermi energy.
In order to check the influence of the confining po-
tential we have measured the magnetoresistance ρxx for
different values of the back gate voltage while tuning the
carrier density via the front gate. A particular exam-
ple is shown in Fig. 4(e). All these measurements show
the same dominant ring-like features at the same density
3values. We conclude that it is the density which is re-
sponsible for the onset of the additional features in the
magnetoresistance.
Data has also been taken for magnetic fields tilted with
respect to the sample normal. If the diamagnetic shift re-
sulting from the in-plane field component is considered
the data look again very similar to Fig. 4(e). For very
high in-plane magnetic fields Bin−plane > 4T the thresh-
old density N threshs where the second subband becomes
populated can no longer be reached without significant
parallel conduction in the doping layer. From the avail-
able data we have no indication that spin effects, which
are expected to become more dominant for large in-plane
fields, become more pronounced.
Temperature dependent experiments show that the ad-
ditional minima disappear at lower temperatures than
the nearby ordinary quantum Hall minima similar to the
data reported in Ref. 2. This indicates that the related
gaps in the energy spectrum are smaller than the Lan-
dau gap h¯ωc. This gap is related to the spin-gap of spin-
resolved Landau levels (see below). Data taken for dif-
ferent orientations of the Hall geometry with respect to
the crystal axes are very similar excluding anisotropies
of the underlying crystal lattice to be the origin for the
observed phenomena. Within experimental resolution no
hysteretic behavior in magnetic field and gate voltage was
observed.
The data presented in Fig. 4(e) and the detail in
Fig. 4(f) is generally similar to the results of Ref. 2. We
interpret a dip in the magnetoresistance as being related
to a gap in the energy spectrum of the system. The gen-
eral strength of the observed features increases with mag-
netic field and density (mobility). In a single-particle pic-
ture the lowest density at which the features presented in
Fig. 4(e) occur corresponds to the crossing points of the
lowest Landau level of the upper subband with respective
Landau levels in the lower subband. The total density
can not be made large enough to observe the crossing
points of the second Landau level in the upper subband
with Landau levels in the lower subband. The lowest
magnetic field, at which the features in Fig. 4(e) can be
detected generally coincides with the beginning observa-
tion of spin splitting in the lowest subband. We like to
note, however, that weak precursors of such features can
also be observed at relatively low magnetic fields where
spin splitting can not yet be resolved (c.f. Fig. 3). In this
case there are no additional zeros in ρxx.
In the framework of filling factors related to the to-
tal carrier density N tots = N
(1)
s + N
(2)
s indicated by the
dashed lines in Fig. 4(e) there is one dark feature (i.e.
maximum) crossing a magnetoresistance minimum for
odd filling factors. In contrast there are two dark features
(maxima) for even filling factors delineating the ring-like
structures described in Ref. 2.
A qualitative picture emerges by considering Landau
level crossings as schematically indicated in Fig. 4(a). We
FIG. 4: (Color online) (a) Two spin-split Landau levels be-
longing to different subbands cross. (b) The same Landau
levels as in (a) plotted in the N tots –B plane. (c) Crossing of
the same Landau levels assuming a density dependent sub-
band spacing ∆E. (d) Crossing of the Landau levels as in (c)
but allowing for different Landau-level broadenings Γ1 and
Γ2 in the two subbands. (e) Measured ρxx in the N
tot
s –B
plane. The encircled region in magnified in (f). Correspond-
ing crossing points I–IV are labeled consistently in (a)–(f).
label individual levels by (i, n, s), i.e., the subband quan-
tum number i = 1, 2, the Landau-level quantum number
n = 0, 1, 2, . . ., and the spin quantum number s = ±1/2.
The four involved Landau-levels are (1, 2,+) and (1, 2,−)
with energies E1,2,± = 5h¯ωc/2±g
⋆µBB and (2, 0,+) and
(2, 0,−) with energyE± = ∆E+h¯ωc/2±g
⋆µBB. Here we
have introduced the subband-separation in energy, ∆E,
ωc = eB/m
⋆ is the cyclotron frequency, µB the Bohr-
magneton and g⋆ the effective Lande´-factor. The cross-
ing region of these four energy levels corresponds to the
experimentally observed region encircled in Fig. 4(e).
In order to compare to the experiment, a crucial step
is to translate the Landau-fan in the energy–magnetic
field plane [Fig. 4(a)] to the experimentally relevant plane
spanned byN tots and magnetic field as shown in Fig. 4(b).
This is a highly non-linear mapping. We achieve this
mapping by assuming Gaussian broadened Landau lev-
els of width Γ. In transport experiments a peak in ρxx is
expected when the Fermi energy lies in extended states
near the density of state peak of a Landau level. In
Fig. 4(b) we therefore color regions corresponding to a
band of 30 µeV around density of states maxima. This
(arbitrary) choice of threshold was checked not to modify
the results on a qualitative level.
4While in the Landau-fan [Fig. 4(a)] the spacing be-
tween spin-split levels is typically different from the spac-
ing of different Landau levels, in the N tots representa-
tion all density of states peaks (and therefore maxima
in ρxx) are equally spaced, if the Landau level separa-
tion is much larger than Γ, because each Landau level
can maximally be occupied by eB/h electrons per area.
If the Landau level separation in energy is comparable
to their width, an uneven separation results. Therefore,
for narrow Landau levels and far away from degeneracy
points, peaks of the density of states are found at densi-
ties N tots = eB/h(p+1/2) with integer numbers p count-
ing the number of completely filled Landau levels below
the one considered [c.f. Fig. 4(b)]. In contrast, at mag-
netic fields where Landau-levels of the two subbands cross
(points I–IV), peaks in the density of states are found at
N tots = qeB/h with integer numbers q, i.e., exactly in the
middle between the lines formed by the non-degenerate
states. This argument intuitively explains the behavior of
the four Landau-levels presented in Fig. 4(a) when trans-
lated into the N tots –B plane [Fig. 4(b)]. Crossing points
I–IV between the four levels occur at the same magnetic
field values in Figs. 4(a) and (b). We assign the same
crossing points to the measured data in Fig. 4(f) which
is a zoom into the region encircled in Fig. 4(e).
In the data presented in Fig. 4(f) we find slightly un-
even spacing between the four levels at a given magnetic
field far from the degeneracy points (e.g. at 2.8 T) indi-
cating that the Landau-level width is only slightly smaller
than the Zeeman splitting. From crossing points II and
IV we determine the subband separation ∆E = 2h¯ωc =
11.7 meV for point II and 10.5 meV for point IV. We
conclude that the subband spacing in the experiment de-
pends on the total density, a finding which is in agree-
ment with self-consistent calculations of parabolic (and
also hard-wall) quantum wells [7]. From crossing points I
and III we estimate g⋆ = ∆E/2µB(1/BI − 1/BIII) = 2.1,
a value which is enhanced over the bulk value presumably
due to exchange effects [11].
Stimulated by the above findings we extended the sim-
ple Landau-fan model presented above by including a lin-
early density-dependent subband separation ∆E(N tots )
and the experimentally determined enhanced g⋆ = 2.1 in
Fig. 4(c). It is remarkable that the emerging ring-like fea-
ture around 3.2 T resembles closely our data in Fig. 4(f)
as well as the data in Fig. 2 of Ref. 2 in a single-particle
picture, empirically extended by the density-dependent
subband separation and the enhanced g⋆.
Even better agreement with our data in Fig. 4(f) is
achieved in Fig. 4(d) where we allow for a subband de-
pendent Landau-level broadening Γi. The value of Γ1
was estimated from low-field SdH oscillations where we
find h¯/τq = 240 µeV. The value of Γ2 was chosen in
order to reproduce the experimentally observed motion
of the resistivity-peaks shown in Fig. 4(f). A more de-
tailed calculation should replace the empirical inclusion
of ∆E(N tots ) by a self-consistent treatment and the em-
pirically enhanced g⋆ by the calculated magnetic field de-
pendent quantity for both subbands [11]. The subband
density and with it the band structure will then become
magnetic field-dependent as observed in the data in the
lower inset of Fig. 3. Possible interaction effects as dis-
cussed in Refs. 4 and 12 beyond those included above
may further modify the details of the density of states.
The basic experimental observation, however, can be ex-
plained based on the Landau level structure obtained
from our effective single-particle model.
In conclusion, we have observed novel features in the
magnetoresistance and Hall resistance of a two-subband
system in a parabolic quantum well. The additional min-
ima in ρxx are remarkably pronounced, non-hysteretic
and reproducible. We demonstrate that the dominant
features of the experimental data can be explained by
a single-particle model empirically extended by an en-
hanced g⋆ and a density-dependent subband separation.
Evidence for interaction effects beyond this mean field
Hartree and exchange approach cannot be reliably ex-
tracted from our data leaving this topic a challenge for
future experiments.
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